
��� �����	� 
�����
�� �
!

– ����� ��������� �"! –

#�$�%�&('*),+ -�.

1 CFTP /�0 1*243
5�687:9<;>=8?A@CBEDGFIH>@KJ<LNMPO>=8Q8RNSUTNV
W�X

CFTP YUZ\[K]_^�` MbaAcedgfAhjik6�7 CFTP

YlZC[k]m^n` MAoqpsr8tCo�u WCX f�v:? Yjw8xAY>y{z|n} aAcedloC~�h
Ok=�?j���>�>R
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CFTP YUZ\[K]g^�` 7U��>�GR

Ω �P�N�K�l� φ : Ω × [0, 1) → Ω
S8�������
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coalescence

M<«n¬ W�X �g­ ~b®j?ASG¢8¯Nfnh4dP¨4d°±§8�8�G¨C©P?8@�BPD¡FgH�@�JbL:M<TNª>² W�X8³ � 7:9TA´ � ?�µ�u{?N¶�·¡9:�>� �K¸N¹>ºCy � X fGv º�»¼j½ Sk¢ X h:Tk¾ y MCMC ¿ Markov chain Monte

Carlo À�ÁG¸ oGu_Â | ©_� }8| X wkÃ L�Ä�Å x�Z��_ÆÇNÈ>?AÉ8L{Ê `jË LbÌ ] LjÄ:MEÍ yPÎGÏ }{Ð�Ñ dboK~�h

1.1 ÒÔÓ(Õ\Ö"×eØ�Ù
wGÃ L:Ä ¿ Ising À Å xUZ 7U9�Ú�Û>?bÜ�Ý¦M<ÞNß ��àá Lb¨�© Ð¡Ñ WCX 9<âUãAä8å:Ú8æ�Sn7{ç�è ybé:ê �8SëAì �jÅ x:Z Sn¢ X [4]

h<í:fN9 ³ ?lÅ xUZ 7 2 î�¿ðïñ ÀnòNó ?lÈAV � d } ®AoGu_ôõ©_� X [7]
h

ö £ � n
?GÄAÉ � G = (V, E) � ? w¡Ã L�Ä{Å xNZM<�¦�Ao¦~�h w¡Ã LNÄ{Å xUZ Sn7U9P÷ ö £ � ? à á L

{−1, +1} ¸nø �C©g�qf�9:��� x ∈ {−1, +1}V y:z|n}jùnú W�X hUÞAß
T > 0 yj¤ |�} 9:�A� x

7l�Aû
ZKü H

H(x)
def.
= −

1

T

∑

{u,v}∈E

x(u)x(v) (1)

M�® z hAfqý�dl9 x(v) ∈ {−1, +1}
7n�¦�

x ∈þ¦ÿ í d��¦~ ÿ 9ní z | � ®����� º�� º���	�
�� æ�
 ����������
113-8656

����������� ê�� 7-3-1

�
1: 15 × 15 ���k� ? wCÃ L�Ä:Å xnZ ? � ¿ x ∈

{−1, +1}V À h ◦ 7 −1
9 • 7 +1

MbÈ W h

{−1, +1}V y:¤C¥ X{ö £ v ∈ V
? à á L {−1, +1}M<È W

1
h

�U�
x
?"! #j«8t

Pr(x)
7b�lû Z>ü H �<�¡y�� d } 9

Pr(x) =
1

Z(T )
e−H(x) (2)

SUÈ%$��g� X h ³ ? Æ�& 7 Gibbs Æ�&,�"'�( �k9NÞß
T
?8Q�? à á L<�n�k?�!�#8«kt¦M{È W âNãnäGå8Úæ¡? é�ê�)+* SG¢ X h8fAý4dg9�, (2) - ?N� �

Z(T )
def.
=

∑

x∈{−1,+1}V

e−H(x)

7 Æ�.>���õ�/'�( ��9Eänå:Ú�æ y�¤ |A} ç�è y ënì �
î SG¢ X h MCMC Á 7U9 Æ�.k��� ?jå�0 Áõ� d } 1uE¨�©_ô�©_� X OArk��2�3¡SG¢ X h
w¡Ã LUÄ{Å x:Z ¿ yb� W�X � Z��:�<� � À ?����n�Rn? º þ ��7 2|V |

S¡¢ X h wqÃ L�ÄlÅ x�Z 7 2 îGò
ó ?jÈ8V � d } Â | ©m� X �54�6 f ¸ 9lÍ¦� ( 9 � 1?qo�~ y 15 × 15 � | ~87"�b� òNó ?jÍ 2 yl� d } ��l9:�A���>Rn? ËNwG^ 7 2225 ' 1067 � � X h
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1.2 2 �������
2 �NÆ Ç8Èk7N9 ø �k© �Gflª�� ��� �¦M��qf�dI9l÷ì�� ¸ ç���� � ?lÈ�S>¢ X h Æ Ç�È y<� WCX äAå � ���� � d } 9Uª	� � � �k?"! � ?$#G� ¸ ¢ Ï ©_� X h% «�#>� Áqy'& ì � p î ?Uå 0 y 9{� ZC�:�P� �KM<Â|A} Æ Ç8È¦M)("* y�+�, d 9bÅ¦L'-�. Z0/�Á MPÂ | X2 Án¸�1 umô�©m� }�| X hkdI¨\d_9 ø �¡© �Gf32�4��M'�qf W Æ ÇnÈk?65 � ¿ W ��$87P�A���>Rn? º þ � À76(69 yP¹nº\� �4p�9 �¡y 
j�KM�M � � X8³ � 7{ª �M
2 y�: �õdgfU¶A·¡S��j� ¼�½ 3

SG¢ Xn³ �P¸ ô�©_�}8| X h

2 ;=< CFTP


:�¡S�7 | o | o{9�rAt¡�n�
CFTP YUZ4[K]I^G`M'>�å W�X fAvN? ° � ¯ } ®@?�AG� �U�¡��� ²AMCB"DdjoC~�h

EGF
1 �:�q���k¸"HGI S>¢ X � 7:9�JG? 2 z ?$K�LM'�qf W\³ � SG¢ X hMGN
1:
�A�n�>R

Ω �ky"O"P�Qk��R “�” ¸ !�# WCX hMGN
2: S8T ?"U	VC7 O�P	Q M�W�! W�X h W �+$X7N9

x � y
M)�qf W SYT ?j�n� � (x, y) ∈ Ω2 ¤ o3� S	T?UT � λ ∈ [0, 1) y{� d } 9 φ(x, λ) � φ(y, λ) ¸6, pZ z h

[�\q� �:�q�j� S��8�õ�g�¡f�� Z\�N�{� �q? ³ � Mj9
HGI8]�^`_�a'b�c"� '�d h
e �

3
7$[6\n� Z��U�P� �>?lÍ>Sn¢ X h ³ ?j� Z��

�<� �¡7��A�n��R {s1, s2, s3, s4}
M�®�7�9 O6P�Q ¿ T7l§ P�QnÀ M s1 � s2 � s3 � s4 � �:� W�X h�� Z\��<� �>?3U�Vk7 ��w L �¦]3f Ì y o{¯ } ª $l�>9 �EwL ¸N¤ ® } ¿ ¤ À ?l¶�·q7 � 3
? � ? � ?qo¦~ y 9~j© ¿ ~ À ?l¶n·q7 � 3

? 
 ? � ?qoC~ y UGV WX h �
3 yl¤ |A} 9@U�VCM<È W�g	h ¸6i�j W¦XA³ � 7

3 9 : #P kml IKJ5�GbVOQ: w6n bporq@sut v"gwvyx kml qZ�Gb
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["\G� Z\�N�b� �

�¦u 9 ³ �k7�U�V yb� d } O6P�QG¸ W�!\�_� X8³ � M
T �UW�X h W ��$87 ³ ?N� Z\�N�b� �q7"[�\kSG¢ X h
| í89 O"P	Q�} · (Ω,�) y�� d } 9G~�(G?�� ºY�

xmax ∈ Ω ¤ o��3� 7 � xmin ∈ Ω ¸ !�# W¦X � d<oq~shW ��$X7j9 S	T ? x ∈ Ω y�� d } xmax � x � xmin¸$, p Z z�� W�X h ³ ? � þ 9�JG?3�G� ¸ B>¨U� X h
���

2 �U�k��� φ
SN�:���_�>fN� Z��:�P� �k7 O6P

Q3} · (Ω,�) yj� d } [3\nS8¢Kp�9 ∃xmax, ∃xmin ∈ Ω,

∀x ∈ Ω, xmax � x � xmin � W�X h ³ ?8Q89 T < 0 ¤o'�
λ ∈ [0, 1)|T | yP� d } coalesce

d }:| X ¿ W ��$7
∃y ∈ Ω, ∀x ∈ Ω, y = Φ0

T (x,λ) À ³ � ? & ì�� Æ KLq7
Φ0

T (xmax, λ) = Φ0
T (xmin, λ)

S>¢ X h
e �

4
7 �

3
?:� ZC�:�<� �¦M<Â |8} QCz −5

¨�©
QCz

0
í�S$U�Võ�m�¡fjÍGS>¢ X h �

4
Sn7:Q3z

−5 y
¤¡¥ X §��8�G¨C©E? Ë LbÌ Z���à8¸ QCz 0

S
coalesced }:| X ¸ 9 ³ ? ³ � 7U9 � ?����n9 W � $Y7�Q�z −5

y�¤k¥ X � ºG� s1 � ��7 � s4

¨�©P?
2 ê ? Ë L�Ì Z

�Gà MP«A¬ W�X ý ¥ Sqo | h
� � ? ùnú ¨�©E9��	�G�n��[�\ CFTP YUZ\[C]I^
` 7"JG?qoC~ y �N�õ�_� X h
� ^`��� ��� 1 ¿ [�\ CFTP YUZ\[K]I^�`lÀ
Step 1:

@\BbDqFEHG@\J�LU?����¡Q"z�M
T := −1 �W�X hN� � λ = ()

MbÂ T W�X h
Step 2: �N� λ[T ], . . . , λ[bT/2c + 1]

M +�, dg9 ���
λ
?��G� y$� D W�X h W �+$�7:9 λ := (λ[T ], λ[T +

1], . . . , λ[−1]) � W�X h
Step 3:

� ºY� xmax � ��7 � xmin ylz |�} 9��G�? �N��� λ
M<Â |n} Q$z

T
¨�©PQ$z

0
í8S�� Z\�N�

� �CM)UGV���� X h ³ ? � þ 9
(a)
®qd�9

coalesce
d }A| � ( ¿ W ��$�7U9 ∃y ∈ Ω,
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[�\G� Z\�:�b� �k? coalesce

?$* �

y = Φ0
T (xmax, λ) = Φ0

T (xmin, λ) À 9nQ6z 0
?U�n�

yM����edg9���� W�X h
(b)


õ~mSA� ¥ � ( 9N@�BPDGFIH�@�J<L�?��$�GQCz�M
T := 2T � d } Step 2 y	� X h
E�


3
� ZK[ H,� �:�$[3\A� ZK�j�g� � yE� d } 9 Y

Z�[q] ^n` 1
7<«>t

1
SlOG=��
�"d_9 YUZ\[K]I^�` 1?�� W î 7U�nè Æ�&�y	����y�� ~�h

3 ;=<���� ������� / �
�8æ

3
¨�©<9�[�\C��� Zõ����� �\M�>¡åkS þ f>�© ( 9"� º	��� �+7 � ? 2

���K¨\©{?��¡@4B{DkF<H
@¦J<LNM�ªC� (�1 | ?:S�9P�8�A�nRA? º þ � y"! ©$#
coalescence

QnR y�% Í W4X QnRnS � H ��&
')(�Ë LÌ ] LNÄ ¸ ªK� X hE5>?�*>Slç>è y	+ [n�"[6\�� Z��
�<� �¡?�Í¦M-,�dgf ¸ 9 ³ ?�*¡S87¡oqp�T�.>�8��Í �d } 9 wGÃ LUÄ{Å x:Z�� 2 � 2

ª Æ Ç�È¡?6(�* Ë L{Ì
] L�Ä y{� W�X [�\G� Z\�N�b� �CMbaAcedjoC~�h

3.1 ÒÔÓ(Õ\Ö"×eØ�Ù
[�/�;10GÄ�É � G = (V, E) � Þ>ß T yj� W4X w
Ã LNÄbÅ xNZ M<È�V W�X � Z��U�<� � M

MCJ>?ko¦~
y �:� W�X h{� Z��:�<� � M

7��8�8��R
{−1, +1}VM	2 7j9lV�#q?l�A�

X ∈ {−1, +1}V
¨�© JG?�Q$zq?

�A�
X ′ 3 ?3UGVK76JG?qoK~ y �:�õ�_� X h8í�#89 G? ö £

v ∈ V
M�4 ��z 9�(�*\É�L:Ê `>y�5Yd h ö £

v y�687 W�X<ö £G?�~'7:9:�n� X yU¤ |�} à á L ¸
+1
? ö £�?65 � M k+(v,X)

SjÈed_9
−1
? ö £�?$5

� M k−(v,X)
SUÈ W hní�f89

p(v, X)
def.
=

e
2
T

k
−

(v,X)

e
2
T

k
−

(v,X) + e
2
T

k+(v,X)
(3)

� W�X h ³ ? � þ 9E«>t p(v, X)
S

X ′(v) = −1 � d_9«>t
1 − p(v, X)

S
X ′(v) = +1 � W�X h�
�?�9q? ö£

w ∈ V \{v}
? à á L y�z |8} 7 X ′(w) = X(w) �WCX h{OG=N� Z��:�<� � M

7�:�;¡Sjç�2�<¡S>¢ X ?
SN9{� Z�[ HÔ� �8S�¢ X hlí�f�=�>�?:ã
@�A�, ¸3, pZ z�B ¨\©b98�>è Æ�& 7 Gibbs Æ�& (2) � � X h ³?j� Z��j�P� � M

7
M-H
� ¿Metropolice-Hastings

chain À4� '+( � X h
�DC S:�:�õ�_�GfN� Z��:�<� � M ¸ [6\¡S>¢ XA³
� M<«�¬(dUo�~�hníD#89:�n�>�GR {−1, +1}V �Ky�O
P�Q¡�)R “�”

MCB�D W�X h<�8�
x, y ∈ {−1, +1}V y

� d }
x � y

def.
⇔ x(v) ≥ y(v) (∀v ∈ V ) (4)

� W\X hAf�ý4d�9 +1 ≥ −1
S¡¢ X h ³ ? O�P�Q�} ·

({−1, +1}V ,�) yU¤ |G} 9¡¢ þ ©{¨ y � ºY��¤ o3���7 � xmax, xmin ∈ {−1, +1}V ¸ !�#,d } 9G
:�FE�
xmax(v) = +1 (∀v ∈ V ), xmin(v) = −1 (∀v ∈ V )M��qf W h
J y 9N� Z"�n�l� � M

M:T>V W�X �n�C��� φ :

{−1, +1}V × [0, n) → {−1, +1}V
M �FG ?¦oC~ y �� W�X h | íN9

V
?l÷ ö £ y 7 0

¨C©
n− 1

í�SA?�H
I ¸8J ¯ } ¢ X � djoC~�h:T � λ ∈ [0, n) y{� d } 4

9

n?3� ��K8Æ bλc

?�H I M	2 z ö £qM v ∈ V � W�X h³ ? � þ 96J�?�Q3zq?j�8� z = φ(x, λ)
Ml9�T � λ

?
7 ��KAÆ λ − bλc

MbÂ |n} 9
z(v) =

{

−1, 0 ≤ λ − bλc < p(v, X),

+1, p(v, X) ≤ λ − bλc < 1,

z(w) = x(w), w ∈ V \{v},

� �:� WCX � 9 φ
7j� Z��:�E� � M

MbT:V"d }:| X h
���C�U� φ

?�[�\nÝ\M�, W h | í
x � y � d } 9T � λ ∈ [0, n) yb��L W�X UGVCM<�C� X h�È C ? + [?Nf>v

x′ = φ(x, λ) ¤ o�� y′ = φ(y, λ) �MC dI9 bλc?	H I M"2 z ö £¡M v � WCX h ³ ? � þ 9 �U�¡�{�¦yo�¯ }
v
��N ? ö £n? à á Lj7)W�!��_� X ?NS�9 v

�
N ? SGT ? ö £ w yb� d } 9 x′(w) ≥ y′(w) ¸$, p Z
z h�J y 9 ö £ v ylz |n} k−(v,y) ≥ k−(v,x)

Mb�
O W�X � 9 p(v, x) ≥ p(v, y) ¸6, p Z z h ³ ? ³ � 7
�U�q�l� ?N�N�¡¨�©E9

x′(v) = −1 ⇒ y′(v) = −1,

y′(v) = +1 ⇒ x′(v) = +1
4 O�:QPSRUTWVUXYV/H�Z\[S] s_^ [0, 1) L�\ [0, n) Xa`_b��dc]|egf XShjiG�Gb89;:k[Yl �K|Wm_n8Jrb
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1
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1
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X

Y1 Y2 Y3

) ? q

�
5:
2G4G� ¿��¡��À 9 ¤ o���UGVq?jÍGh

¸3, p Z z ³ � M T ��WCX h¡d_f ¸ ¯ } x′(v) ≥ y′(v)

� � X h
E�


4 �l���<� φ
7C[3\>SA¢ X h W ��$Y7<9{®�d

x �

y
�4© (6S�T ?8T � λ ∈ [0, n) yl� d } φ(x, λ) �

φ(y, λ) ¸6, p Z z 5
h

��C oCps9 YNZ4[K]g^�` 1
S>7

xmax = 1 � xmin =

−1
?

2
�A�¡¨�©<?��G@�BbDqF�HG@\J�L W � (�1 | h

3.2 2 � 2 � � ���
ª���� ' ( Z r = (r1, r2) ¤ o�� � ��� ' ( Z s =

(s1, . . . , sn)
M@�¡f W

2×n Æ Ç8ÈG? } ·KM Ξ � W�X hfAý\dg9
r1 + r2 = s1 + · · ·+ sn = N

SG¢ X ¿ � 5 À h� G 9
Ξ � ?6("* Æ�& M��8è Æ�&¦y 2 z � ZC�:�<� �

M
Ml�:� W�X h
Æ ÇGÈ X ∈ Ξ

?
i
ª

j � ? î M X [i, j]
S8È W h

���G�¡R
Ξ
M¡® z � Z4�A��� � M

?"U�V�7�Jk?¦o
~ y �8���E� X hníD# 6 p · ~ 2 � (j, j + 1) ¿ j ∈

{1, . . . n−1} À M'(6* y 5�d h�J y 9 j ��� ¤ o'� j+1

���<y
+k −k

−k +k
(5)

?��>? KNÆ ÈKM	���lf � þ ÷ ì�� ¸ ç�� � � X È 3 (* y UYV W\X h ³ ? � þ 96� � k
76�¦? î ®�
�p
�XA³ �{y���T �_�>f | h � 5

7CU�Vk?{ÍGS�¢ X hE�8�
X y�� d } (3, 4) �K¸�5%( �qf � þ 9:ç��>Ý�M��¦fW Èq7

Y1, Y2, Y3

?
3 z SG¢\p�9�
:� E:� 3 «Gt 1/3S$U�V W�X hU� Z��:�<� � M

7�OG=AS�:�;¡SjçG2�<
�A�N?�S:� Z�[ HÔ�s�NS>¢ X hlí�f�9"=�>�?�ã�@�A�,

5 O%:v<r>K?rAMT���� ���������/H����rB�� ��q"!��5bs9t: RMT
UZW�X@YG[�#"$&%@F('ZIKJML N OQ: w�)CBg]�*Kb

M@�kf W ?NS:9{� ZC�:�P� �G?U�8è Æ�& 7$(�* Æ�& S¢ X h
�k�K�¦R

Ξ ��y�O�PXQ���R M�B	D dAo"~�h SXT?
X ∈ Ξ yA� d } 9,+.-0/214365 ^ fX

def.
=
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